Published by Institute of Physics Publishing for SISSA/ISAS Received: April 14, 2003 Revised: July 31, 2003 Accepted: September 2, 2003

SU(N) confining strings

Dmitri Antonov

INFN-Sezione di Pisa, Universitá degli studi di Pisa Dipartimento di Fisica “E. Fermi” Via Buonarroti, 2 - Ed. B-C - 56127 Pisa, Italy, and Institute of Theoretical and Experimental Physics B. Cheremushkinskaya 25, RU-117 218 Moscow, Russia E-mail: antonov@df.unipi.it

Abstract: String representation of the SU(N)-version of compact QED in three dimensions is constructed. It is demonstrated how the resulting SU(N)-generalization of the so-called theory of confining strings can be obtained in various ways. In its weak-field limit (corresponding to the limit of low monopole densities), this theory enables one to fix the value of the string tension, which cannot be fixed when being deduced from the mean magnetic field inside a flat contour. Moreover, the obtained theory enables one to find also the coupling constants of the terms in the expansion of the nonlocal string effective action which are higher in the derivatives than the Nambu-Goto term (some of which vanish at the flat surface).

Keywords: Confinement, Nonperturbative Effects, Field Theories in Lower Dimensions, Solitons Monopoles and Instantons.

© SISSA/ISAS 2003 http://jhep.sissa.it/archive/papers/jhep092003005 /jhep092003005 .pdf

Contents

1. Introduction 1

2. String tension of the flat Wilson loop 2

3. SU(N) confining strings 6

4. Summary 10

1. Introduction

One of the most powerful methods, aimed at the description of confinement in QCD, is the method of abelian projections [1] (see ref. [2] for the latest developments and ref. [3] for reviews). Among various ways to model the grand canonical ensemble of abelian-projected monopoles, the most natural one is to treat them as the Coulomb plasma, analogous to the one of compact QED [4] (see ref. [5] for a review). The string description of the latter in terms of the Kalb-Ramond field, the so-called theory of confining strings, has been proposed for the 3D-case in ref. [6] and then generalized to the 4D-case in ref. [7]. It should however been mentioned that the ideas to describe confinement in terms of the Kalb-Ramond field were put forward almost 30 years ago [8]. These ideas have been elaborated further on in ref. [9], where the connection between magnetic condensation and the Kalb-Ramond formulation of confinement has for the first time been pointed out. Moreover, in ref. [9] a non-abelian generalization of the Kalb-Ramond field has been proposed and used for the construction of a string representation of the Wilson loop on the lattice. It should be noticed that such a non-abelian formulation of confining strings is different from its abelian-type counterpart, which for the SU(2)-case has been suggested in ref. [6].

A problem remained since the time of the paper [6] is the generalization of the (abeliantype) theory of confining strings from the SU(2)-case to an arbitrary number of colors. Some progress in this direction has been achieved in refs. [10, 11]. In particular, in ref. [10], it has been shown that at large-N the high-temperature behavior of the free energy of confining strings matches that of QCD. A related problem is the investigation of the string representation of the (2+1)D Georgi-Glashow model. This model is different from compact QED due to the presence of the charged W-bosons and due to the Higgs-mediated interaction of monopoles which becomes relevant when the Higgs boson is not infinitely heavy. In this way, the influence of W-bosons to the deconfining phase transition has been analysed in the confining-string language in ref. [12]. The string representation of the BPS-limit [13] (where the mass of the Higgs boson is much smaller than the mass of the W-boson) of the SU(3)-version of the (2+1)D Georgi-Glashow model has been found in [14]. In ref. [15], the representation of the SU(N)-version of this model in terms of the monopole densities has been derived, and the potential of these densities has been discussed.

– 1 –

The aim of the present paper is to derive and investigate the theory of confining strings which would describe the string content of the SU(N)-generalization of 3D compact QED. The paper is organized as follows. In section 2, we shall find the string tension of the Wilson loop defined at a flat contour (henceforce called for shortness “flat Wilson loop”). This will be done by the method based on the solution of the system of the saddle-point equations for the dual-photon and the magnetic field. (When the magnetic field is eliminated from these equations, the resulting equation for the dual-photon field is analogous to the one derived for the usual compact QED in ref. [4].) In section 3, we shall develop the theory of confining strings based on the Kalb-Ramond field. This will be done by two various methods, both of which illustrate how the Kalb-Ramond field unifies the monopole and the free-photonic contributions to the Wilson loop. The string tension derivable in the weak-field limit of this theory (which is nothing else, but the limit of low monopole densities) is parametrically the same as the one obtained in section 2 for the flat loop. However, the advantage of the formalism based on the Kalb-Ramond field is that it enables one not only to fix the proportionality coefficient at the string tension, but also to derive the coupling constants of the higher-derivative string terms.

In summary, the main results of the paper will be discussed.

2. String tension of the flat Wilson loop

Since the string tension is generated by monopoles, in this section we shall omit photons. The partition function of the grand canonical ensemble of monopoles in the Euclidean space-time reads

Z_{mon} = ∞∑ N =0 ζ^N N ! ⟨ exp [ − g^2_m 2 ∫ d^3xd^3y⃗ρ^N (⃗x)D_0(⃗x − ⃗y)⃗ρ^N (⃗y) ]⟩ mon , (2.1)

where the monopole density is defined as ⃗ρ^N (⃗x) = ∑_N k=1 ⃗q_{ik} δ(⃗x − ⃗z_k) at N ≥ 1 and ⃗ρ^{N =0}(⃗x) = 0. In these equations, g_m is the magnetic coupling constant of dimensionality [mass]^{−1/2}, gg_m = 4π, ζ ∝ e^{−const/g2} is the monopole fugacity of dimensionality [mass]^3, D_0(⃗x) = 1/(4π|⃗x|) is the 3D Coulomb propagator, and it has been taken into account that the monopole charges are distributed along the (N − 1)-dimensional root vectors ⃗q_i’s of the group SU(N) [17]. Furthermore, the average is defined as follows:

⟨O⟩_{mon} = N∏ n=0 ∫ d^3z_n ∑ i_n=±1,...,±^{N(N−1)}_2 O . (2.2)

Upon the explicit summation, the partition function (2.1) can be represented in the Sine- Gordon–type form

Z_{mon} = ∫ D⃗χ exp − ∫ d^3x 1 2 (∂_μ ⃗χ)^2 − 2ζ N(N−1)/2 ∑ i=1 cos (g_m⃗q_i ⃗χ)

, (2.3)

– 2 – where ⃗χ is the dual-photon field. By virtue of the formula [18] ∑_{N(N−1)/2} i=1 q^α_i q^β_i =^N_2 δ^{αβ} , the following value of the Debye mass of the dual photon has been obtained [15]: m_D = g_m √ Nζ. One can further introduce the monopole field-strength tensor ⃗F^N_{μν} violating the Bianchi identity as^1_2 ε_{μνλ}∂_μ ⃗F^N_{νλ} = g_m⃗ρ^N . Since it was argued to omit photons throughout this section, we obtain for ⃗F^N_{μν} the following expression: ⃗F^N_{μν} (⃗x) = −g_mε_{μνλ}∂_λ ∫ d^3yD_0 (⃗x − ⃗y) ⃗ρ^N (⃗y) . (2.4)

Then, by virtue of the Stokes’ theorem and the formula

tr exp ( i⃗a ⃗H ) = N∑ α=1 exp (i⃗a⃗μ_α) , where ⃗a is an arbitrary (N − 1)-component vector, ⃗H is the vector of diagonal generators and ⃗μ_α’s are the weight vectors of the group SU(N), α = 1, . . . , N, we obtain the following expression for the Wilson loop defined at the N -monopole configuration:

W (C)^N_{mon} = 1 N tr exp ( ig 2 ⃗H ∫ d^3x ⃗F^N_{μν} Σ_{μν} ) = 1 N N∑ α=1 W^N_α . (2.5)

Here, W^N_α ≡ exp ( ig 2 ⃗μ_α ∫ d^3x ⃗F^N_{μν} Σ_{μν} ) (2.6) and Σ_{μν} (⃗x) = ∫ Σ(C) dσ_{μν} (⃗x (ξ)) δ (⃗x − ⃗x(ξ)) is the vorticity tensor current defined at a certain surface Σ(C) bounded by the contour C and parametrized by the vector ⃗x(ξ) with ξ = ( ξ^1, ξ^2 ) standing for the 2D coordinate. A straightforward calculation with the use of eq. (2.4) yields

W^N_α = exp ( i⃗μ_α ∫ d^3x⃗ρ^N η ) , (2.7)

where η (⃗x; C) = ∫ Σ(C) dσ_μ (⃗x(ξ)) ∂_μ 1 |⃗x − ⃗x(ξ)| is the solid angle under which the surface Σ(C) is seen by an observer located at the point ⃗x, dσ_μ =^1_2 ε_{μνλ}dσ_{νλ}. (Note that owing to the Gauss’ law, η ≡ 4π for a closed surface, i.e., when C is shrunk to a point.) The ratio of two W^N_α ’s defined at different surfaces, Σ_1 and Σ_2, bounded by the contour C, reads

W^N_α (Σ_1) W^N_α (Σ_2)

= exp ( i⃗μ_α ∫ Σ_1∪Σ_2 dσ_μ (⃗x(ξ)) ∫ d^3x⃗ρ^N (⃗x ) ∂_μ 1 |⃗x − ⃗x(ξ)| )

= N∏ k=1 exp ( −i⃗μ_α⃗q_{ik} ∫ Σ_1∪Σ_2 dσ_μ (⃗x(ξ)) ∂^{⃗x(ξ)}_μ 1 |⃗z_k − ⃗x(ξ)| ) .

– 3 –

Due to the Gauss’ law, the last integral in this equation is equal either to −4π or to 0, depending on whether the point ⃗z_k lies inside or outside the volume bounded by the surface Σ_1 ∪ Σ_2. Since the product ⃗μ_α⃗q_{ik} is equal either to ±^1_2 or to 0, we conclude that

W^N_α (Σ_1) W^N_α (Σ_2) = 1. This fact proves the independence of W N α of the choice of the surface Σ in the definition (2.6). Clearly, this is the consequence of the quantization condition gg_m = 4π employed in the derivation of eq. (2.7).

A representation of the partition function (2.1), alternative to eq. (2.3) and more appropriate for the investigation of the Wilson loop, is the one in terms of the dynamical monopole densities [15]. It can be obtained by multiplying eq. (2.1) by the following unity: ∫ D⃗ρδ ( ⃗ρ − ⃗ρ^N ) = ∫ D⃗ρD⃗χ exp [ ig_m ∫ d^3x⃗χ ( ⃗ρ − ⃗ρ^N ) ] , so that the field ⃗χ plays the role of the Lagrange multiplier. We obtain for the partition function:

Z_{mon} = ∫ D⃗ρD⃗χ exp [ − g^2_m 2 ∫ d^3xd^3y⃗ρ(⃗x)D_0(⃗x − ⃗y)⃗ρ(⃗y) + ig_m ∫ d^3x⃗χ⃗ρ ] × × ∞∑ N =0 ζ^N N ! ⟨ exp ( −ig_m ∫ d^3x⃗χ⃗ρ^N )⟩ mon , (2.8)

where the last sum is equal to

exp 2ζ ∫ d^3x N(N−1)/2 ∑ i=1 cos (g_m⃗q_i ⃗χ)

. (2.9)

Accordingly, eq. (2.7) becomes replaced by

W^N_α → W_α = 1 Z_{mon} ∫ D⃗ρD⃗χ exp { − g^2_m 2 ∫ d^3xd^3y⃗ρ(⃗x)D_0(⃗x − ⃗y)⃗ρ(⃗y) +

+ ∫ d^3x [ ig_m ⃗χ⃗ρ+2ζ N(N−1)/2 ∑ i=1 cos (g_m⃗q_i⃗χ) + i⃗μ_α⃗ρη ]} , and the full expression for the monopole contribution to the Wilson loop [instead of eq. (2.5)] reads W (C)_{mon} =^1_N ∑_N α=1 W_α.

Let us next introduce the magnetic field according to the formulae ∂_μ ⃗B_μ = ⃗ρ, ε_{μνλ}∂_ν ⃗B_λ = 0. This yields

W_α = 1 Z_{mon} ∫ D ⃗B_μδ ( ε_{μνλ}∂_ν ⃗B_λ ) ×

× ∫ D⃗χ exp {∫ d^3x [ − g^2_m 2 ⃗B^2_μ + ig_m ⃗χ∂_μ ⃗B_μ + 2ζ N(N−1)/2 ∑ i=1 cos (g_m⃗q_i ⃗χ) ] +

+ 4πi⃗μ_α ∫ Σ(C) dσ_μ ⃗B_μ } , (2.10)

– 4 – where, as it was discussed, the surface Σ(C) is arbitrary. The magnetic and the dualphoton fields can be integrated out of eq. (2.10) by solving the respective saddle-point equations. From now on in this section, we shall consider the contour C located in the (x, y)-plane. This naturally leads to the following Ansätze for the fields to be inserted into the saddle-point equations: ⃗B_μ = δ_{μ3} ⃗B(z), ⃗χ = ⃗χ(z). For the points (x, y) lying inside the contour C, these equations then read:

m ⃗χ^′ + g^2_m ⃗B − 4πi⃗μ_αδ(z) = 0 , (2.11) i ⃗B^′ − 2ζ N(N−1)/2 ∑ i=1 ⃗q_i sin (g_m⃗q_i ⃗χ) = 0 , (2.12)

where^′ ≡ d/dz. (Note that differentiating eq. (2.11) and substituting the result into eq. (2.12), we obtain the equation

⃗χ^{′′} − 2g_mζ N(N−1)/2 ∑ i=1 ⃗q_i sin (g_m⃗q_i⃗χ) = g⃗μ_αδ^′(z) ,

which is the SU(N)-generalization of the respective saddle-point equation obtained in ref. [4].) These equations can be solved by adopting one extra Ansatz for the saddle-points of the fields, ⃗B(z) = ⃗μ_αB(z), ⃗χ(z) = ⃗μ_αχ(z), that due to the formula ⃗μ^2_α = (N − 1)/(2N) makes W_α α-independent. Let us next multiply eq. (2.12) by ⃗μ_α, taking into account that for any α, (N − 1) positive roots yield the scalar product with ⃗μ_α equal to 1/2, while the others are orthogonal to ⃗μ_α. Equations (2.11), (2.12) then go over into

2iψ^′ + g^2_mB = 4πiδ(z) , B^′ + 2iζN sin ψ = 0 , (2.13)

where ψ ≡ g_mχ/2. One can straightforwardly check that the solution to this system of equations has the following form: B(z) = i 8m_D g^2_m e^{−mD |z|} 1 + e^{−2mD |z|} , ψ(z) = 4 sgn z · arctan ( e^{−mD |z|} ) . (2.14)

Taking the value B(0) for the evaluation of the Wilson loop, we obtain for the string tension: σ = 4π · N − 1 2N 4m_D g^2_m = 8π g_m N − 1 √ N √ ζ . (2.15)

This result demonstrates explicitly the nonanalytic behavior of σ with g, but does not yield the correct overall numerical factor. That is because B(z), necessary for this calculation, is defined ambiguously. The ambiguity originates from the exponentially large thickness of the string: |z| < O ( m^{−1}_D ) . It is therefore unclear what value of B(z) we should take: either B(0), as it was done, or the one averaged over some range of z. It turns out that in the weak-field (low-density) limit, the problem can be solved for an arbitrarily-shaped surface, by using the representation in terms of the Kalb-Ramond field, which will be described in the next section.

– 5 –

3. SU(N) confining strings

One of the ways to introduce the Kalb-Ramond field is to do it first for the description of the dual photon, by considering this field as the field-strength tensor corresponding to the field ⃗B_μ, namely ⃗B_μ =^1_{2gm} ε_{μνλ}⃗h_{νλ}. The Wilson loop (2.10) then takes the form:^1

W_α = 1 Z_{mon} ∫ D⃗h_{μν} δ ( ∂_μ⃗h_{μν} ) ×

× ∫ D⃗χ exp {∫ d^3x [ − 1 4 ⃗h^2_{μν} + i 2 ⃗χε_{μνλ}∂_μ⃗h_{νλ} + 2ζ N(N−1)/2 ∑ i=1 cos (g_m⃗q_i⃗χ) ] +

+ ig 2 ⃗μ_α ∫ Σ(C) dσ_{μν}⃗h_{μν} } . (3.1)

The field ⃗χ can be further integrated out by solving the saddle-point equation of the form (2.12), where ⃗B^′ is replaced by^1_{2gm} ε_{μνλ}∂_μ⃗h_{νλ} (and ⃗χ depends on all three coordinates). Using the Ansatz ⃗h_{μν} = ⃗μ_αh_{μν} , we arrive at the following substitution in eq. (3.1): ∫ d^3x i 2 ⃗χε_{μνλ}∂_μ⃗h_{νλ} + 2ζ N(N−1)/2 ∑ i=1 cos (g_m⃗q_i ⃗χ) =⇒

=⇒ −V [ ⃗h_{μν} ] ≡ −2(N − 1)ζ ∫ d^3x [ H_αarcsinh H_α − √ 1 + H^2_α ] . (3.2)

Here, H_α ≡^1_{2gmζ(N−1)} ⃗μ_αε_{μνλ}∂_μ⃗h_{νλ}, and V [ ⃗h_{μν} ] is the multivalued potential of the Kalb- Ramond field (or of monopole densities). Similarly to the case of compact QED [6], it is the summation over branches of this potential which yields the summation over the world sheets Σ(C) in eq. (3.1).

Another way to discuss the connection of the Kalb-Ramond field with the string world sheets is based on the semi-classical analysis of the saddle-point equations analogous to eqs. (2.13): 2i∂_μψ + g_m 2 ε_{μνλ}h_{νλ} = 4πiΣ_μ , (3.3) 1 2g_m ε_{μνλ}∂_μh_{νλ} + 2iζN sin ψ = 0 . (3.4)

Here, Σ_μ ≡^1_2 ε_{μνλ}Σ_{νλ}, and the field ψ, by means of which the correspondence between the Kalb-Ramond field and the stationary surface is established, is defined by the relation ⃗χ =^2_{gm} ⃗μ_αψ. In this approach, based on the (auxiliary) field ψ, the summation over

1Note the following correspondence between the Coulomb interaction of monopole densities and the actions of the magnetic- and Kalb-Ramond fields 1 4 ∫ d^3x⃗h^2_{μν} = g^2_m 2 ∫ d^3x ⃗B^2_μ = g^2_m 2 ∫ d^3xd^3y⃗ρ(⃗x)D0(⃗x − ⃗y)⃗ρ(⃗y).

– 6 – branches of the potential V [ ⃗h_{μν} ] is equivalent to the following procedure. One should restrict oneself to the domain |ψ| ≤ π and solve eqs. (3.3), (3.4) with the conditions lim |⃗x|→∞ ψ(⃗x) = 0 , (3.5) lim_{ε→0} {ψ [⃗x(ξ) + ε⃗n(ξ)] − ψ [⃗x(ξ) − ε⃗n(ξ)]} = 2π , (3.6) where ⃗n(ξ) is the normal vector to Σ at an arbitrary point ⃗x(ξ). After that, one should get rid of the so-appearing Σ-dependence of W_α by extremizing the latter with respect to ⃗x(ξ). Owing to the formula δ ∫ dσ_{μν} h_{μν} [⃗x(ξ)] = ∫ dσ_{μν} H_{μνλ} [⃗x(ξ)] δx_λ(ξ) , such an extremization is equivalent to the definition of the extremal surface through the equation H_{μνλ} [⃗x(ξ)] = 0. By virtue of eqs. (3.4), (3.6), H_{μνλ} indeed vanishes on both sides of the stationary surface. The reason for that is the following distinguished property of the extremal surface: ψ is equal to π on one of its sides and to −π on the other, whereas for any other surface, |ψ| is smaller than π on one side and larger than π on the other side. Therefore, according to eq. (3.4), at both sides of the extremal surface, ε_{μνλ}∂_μh_{νλ} = 0. This is equivalent to the equation ε_{μνλ}H_{μνλ} = 0 and hence (upon the multiplication of both sides by ε_μ′_ν′_λ′ ) to H_{μνλ} = 0. [In particular, for a flat contour the extremal surface is the flat surface inside this contour. This can explicitly be seen from the solutions (2.14) of eqs. (2.13). Namely, at any z such that |z| ≪ m^{−1}_D , ψ(z) ≃ π · sgnz, B^′(z) ≃ 0, where both equalities hold with the exponential accuracy. The equation B^′(z) ≃ 0 is equivalent to the condition of vanishing of H_{μνλ} at both sides of the flat surface.]

According to the Hodge decomposition theorem, the general form of ⃗h_{μν} is ⃗h_{μν} = ∂_μ ⃗A_ν − ∂_ν ⃗A_μ + ε_{μνλ}∂_λ ⃗ϕ. The constraint ∂_μ⃗h_{μν} = 0, imposed in eq. (3.1), is equivalent to setting ⃗A_μ equal zero. From now on, we shall promote ⃗h_{μν} to include also the fields of free photons, ⃗A_μ, by abolishing this constraint. Let us further go into the weak-field limit, |H_α| ≪ 1. Using the Cauchy inequality, we have |H_α| ≤ |⃗μ_α| |⃗ρ| ζ(N − 1) = |⃗ρ| ζ √ 2N(N − 1) , so that the weak-field limit is equivalent to the following low-density approximation: |⃗ρ| ≪ ζ √ 2N(N − 1). To understand in what sense this inequality implies the low-density approximation, note that the mean monopole density stemming from eq. (2.3) reads:

|⃗ρ|_{mean} =

∂ ln Z_{mon} V∂ ln ζ ≃ ζN(N − 1) , where V is the three-volume occupied by the system. Therefore, at large-N, the low-density approximation implies that |⃗ρ| should be of the order N times smaller than its mean value.

In the weak-field limit, we now have the following expression for the total Wilson loop, where the constraint ∂_μ⃗h_{μν} = 0 is removed:

W (C, Σ)^{tot}_{weak−field} = 1 Z^{tot} ∫ D⃗h_{μν} exp { − ∫ d^3x [ 1 12m^2_D

⃗H^2_{μνλ} + 1 4 ⃗h^2_{μν} − ig 2 ⃗μ_α⃗h_{μν} Σ_{μν} ]} . (3.7)

– 7 –

Here, Z^{tot} is given by the same integral over ⃗h_{μν} -field, but with Σ_{μν} set to zero, and ⃗H_{μνλ} = ∂_μ⃗h_{νλ} + ∂_λ⃗h_{μν} + ∂_ν⃗h_{λμ} is the Kalb-Ramond field-strength tensor. (The apparent Σ-dependence of the r.h.s. of eq. (3.7) is due to the fact that in course of the ⃗h_{μν} -expansion of V [ ⃗h_{μν} ] , only one branch of this potential has been taken into account. As it was discussed above, the Σ-dependence disappears upon the summation over all the branches.) Owing to the Hodge decomposition theorem for ⃗h_{μν} , eq. (3.7) is obviously factorized as W (C, Σ)^{tot}_{weak−field} = W_αW^{phot}_α , where the free photonic contribution to the Wilson loop reads W^{phot}_α = exp [ −g^2 N − 1 4N ∮ C dx_μ ∮ C dx^′_μD_0 ( ⃗x − ⃗x^′ )] . (3.8)

Doing the integration over ⃗h_{μν} in eq. (3.7), we obtain

W (C, Σ)^{tot}_{weak−field} = exp { −g^2 N − 1 4N [∮ C dx_μ ∮ C dx^′_μD_{mD} (⃗x−⃗x^′) + m^2_D 2 ∫ Σ(C) dσ_{μν} (⃗x(ξ)) ×

× ∫ Σ(C) dσ_{μν} (⃗x(ξ^′))D_{mD} ( ⃗x(ξ) − ⃗x(ξ^′) ) ]} , (3.9)

where D_{mD} (⃗x) = e^{−mD |⃗x|}/(4π|⃗x|) is the 3D Yukawa propagator. Note that the free photonic contribution is completely canceled out of this expression, i.e., it is only the dual photon (of the mass m_D) which mediates the C × C- and Σ × Σ-interactions.

One can further expand the nonlocal string effective action

S_{str} = (gm_D)^2 N − 1 8N ∫ Σ(C) dσ_{μν} (⃗x(ξ)) ∫ Σ(C) dσ_{μν} (⃗x(ξ^′))D_{mD} ( ⃗x(ξ) − ⃗x(ξ^′) ) (3.10)

in powers of the derivatives with respect to the world-sheet coordinates ξ^a’s. Note that the actual parameter of this expansion is 1/(m_DR)^2, where R ∼ √ Area(Σ) is the size of Σ (see the discussion below). The resulting quasi-local action reads (cf. refs. [19, 7]):

S_{str} = σ ∫ d^2ξ √ g + α^{−1} ∫ d^2ξ √ gg^{ab}(∂_at_{μν} )(∂_bt_{μν} ) + κ ∫ d^2ξ √ gR + O ( σ m^4_DR^2 ) . (3.11)

Here, ∂_a ≡ ∂/∂ξ^a, and the following quantities characterize Σ: g_{ab}(ξ) = (∂_ax_μ(ξ))(∂_bx_μ(ξ)) is the induced-metric tensor, g = det ‖g^{ab}‖, t_{μν} (ξ) = ε^{ab}(∂_ax_μ(ξ))(∂_bx_ν (ξ))/ √ g is the extrinsic-curvature tensor, R = ( ∂^a∂_a ln √ g ) / √ g is the (conformal-gauge expression for the) scalar (or intrinsic) curvature.^2 The string coupling constants here read σ = 2π^{2 N−1√}_N √ ζ g_m , α −1 = −3κ/2 = −^{π2(N−1)} 4g^3_mN^{3/2} √ ζ . In the weak-field (or low-density) approximation, we can therefore fix the proportionality factor 2π^2 in σ, that is close to the factor 8π of eq. (2.15) which, however, could have not been fixed within the method of section 2. Another important fact is that (in the weak-field approximation) the string tension and higher string coupling constants are the same for all large enough surfaces Σ(C). [The

2The second term on the r.h.s. of eq. (3.11) describes the so-called rigidity of the string (see e.g. ref. [5]), while the third term is known to be a full derivative and therefore it does not actually contribute to the string effective action.

– 8 – words “large enough” here mean the validity of the inequality m_DR ≫ 1, i.e., the string length R should significantly exceed the exponentially large string thickness m^{−1}_D . Indeed, the general n-th term of the derivative (or curvature) expansion of S_{str} is of the order of σm^2_DR^4(m_DR)^{−2n}.] It is, however, worth noting that some of the terms in the expansion (3.11) vanish at the surface of the minimal area corresponding to a given contour C (e.g., at the flat surface, in the case considered in section 2). This concerns, for instance, the rigidity term.^3

Let us finally demonstrate how to introduce the Kalb-Ramond field in the way alternative to its definition via the ⃗B_μ-field and incorporating automatically the free-photonic contribution to the Wilson loop. It is based on the direct application of eqs. (2.1) and (2.7), that yields

W_α = ∞∑ N =0 ζ^N N ! ⟨ exp [ − g^2_m 2 ∫ d^3xd^3y⃗ρ^N (⃗x)D_0(⃗x − ⃗y)⃗ρ^N (⃗y) + i⃗μ_α ∫ d^3x⃗ρ^N η ]⟩ mon = 1 Z_{mon} ∫ D⃗φ exp { − ∫ d^3x [ 1 2 ( ∂_μ ⃗φ − ⃗μ_α g_m ∂_μη )_2 − 2ζ N(N−1)/2 ∑ i=1 cos (g_m⃗q_i ⃗φ) ]} , (3.12)

where ⃗φ = ⃗χ +^{⃗μα}_{gm} η. One can further use the following formula which shows explicitly how the Kalb-Ramond field unifies the monopole and the free-photonic contributions to the Wilson loop: exp [ − 1 2 ∫ d^3x ( ∂_μ ⃗φ − ⃗μ_α g_m ∂_μη )_2 − g^2 N − 1 4N ∮ C dx_μ ∮ C dx^′_μD_0(⃗x − ⃗x^′) ] = = ∫ D⃗h_{μν} exp [ − ∫ d^3x ( 1 4 ⃗h^2_{μν} + i 2 ⃗φε_{μνλ}∂_μ⃗h_{νλ} − ig 2 ⃗μ_α⃗h_{μν} Σ_{μν} )] . (3.13)

In fact, one can prove that both sides of this formula are equal to^4 exp [ − 1 2 ∫ d^3x (∂_μ ⃗φ + g⃗μ_αΣ_μ)^2 ] . Inserting further eq. (3.13) into eq. (3.12), we obtain

W_α = 1 Z^{tot} ∫ D⃗h_{μν} D⃗φ exp [ − ∫ d^3x ( 1 4 ⃗h^2_{μν} + i 2 ⃗φε_{μνλ}∂_μ⃗h_{νλ} −2ζ N(N−1)/2 ∑ i=1 cos (g_m⃗q_i ⃗φ) −

− ig 2 ⃗μ_α⃗h_{μν} Σ_{μν} )] . Denoting ⃗χ ≡ −⃗φ, we arrive back to eq. (3.1) with the constraint ∂_μ⃗h_{μν} = 0 abolished, as it should be.

3Indeed, one can prove the equality g^{ab}(∂atμν )(∂_btμν ) = (D^aDaxμ)(D^bD_bxμ), where DaD_bxμ = ∂a∂_bxμ − Γ^c_{ab}∂cxμ, and Γ^c_{ab} is the Christoffel symbol corresponding to the metric g^{ab}. On the other hand, the surface of the minimal area is defined by the equation D^aDaxμ(ξ) = 0 together with the respective boundary condition at the contour C.

4Obviously, in the noncompact case, when monopoles are disregarded and ⃗hμν = ∂μ ⃗Aν − ∂ν ⃗Aμ, the r.h.s. of eq. (3.13) yields the free-photonic contribution to the Wilson loop, eq. (3.8).

– 9 –

4. Summary

The present paper has been devoted to the theory of confining strings which describes the string representation of the SU(N)-analogue of 3D compact QED. We have first found the string tension of the flat Wilson loop, that has been done by the evaluation of the mean magnetic field inside the contour of the loop, using the saddle-point analysis. The obtained result contains an ambiguity in the overall constant factor, that is due to the large thickness of the confining string which makes the definition of the mean magnetic field ambiguous. We have then developed the SU(N)-theory of confining strings which, in its weak-field limit (corresponding to the limit of low monopole densities), enables one to fix the above-mentioned factor. Moreover, this theory enables one also to find the coupling constants of the terms in the expansion of the nonlocal string effective action which are higher in the derivatives than the Nambu-Goto term. The theory of confining strings has been introduced in two various ways. One of these is to consider the Kalb-Ramond field as the field-strength tensor corresponding to the magnetic field produced by monopoles. The free photons can further be included by abolishing a certain constraint imposed on the Kalb-Ramond field. In the other approach, the Kalb-Ramond field appears directly as the field unifying the monopole and free-photonic contributions to the Wilson loop, using the definition of the Wilson loop in the monopole plasma. Note finally that the abovementioned results can be readily generalized to the case of 3D Georgi-Glashow model with not-infinitely-heavy Higgs field, along with the lines of ref. [15]. It also looks reasonable to address interactions of Wilson loops and to compare the so-obtained results with those which were recently obtained in QCD within the Stochastic Vacuum Model [20].

Acknowledgments

The author is grateful for useful and encouraging discussions to Drs. L. Del Debbio and M.C. Diamantini and to Profs. A. Di Giacomo, D. Ebert, I.I. Kogan (1958-2003), F. Lenz, Yu.M. Makeenko, M. Shifman, Yu.A. Simonov, and A. Wipf. He is also grateful to the whole staff of the Physics Department of the University of Pisa for cordial hospitality. The work has been supported by INFN and partially by the INTAS grant Open Call 2000, Project No. 110.

References

[1] G. ’t Hooft, Topology of the gauge condition and new confinement phases in nonabelian gauge theories, Nucl. Phys. B 190 (1981) 455.

[2] L. Del Debbio, A. Di Giacomo, B. Lucini and G. Paffuti, Abelian projection in SU(N) gauge theories, hep-lat/0203023;

J.M. Carmona, M. D’Elia, L. Del Debbio, A. Di Giacomo, B. Lucini and G. Paffuti, Color confinement and dual superconductivity in full QCD, Phys. Rev. D 66 (2002) 011503 [hep-lat/0205025];

A. Di Giacomo, Independence on the abelian projection of monopole condensation in QCD,

hep-lat/0206018.

– 10 –

[3] A. Di Giacomo, Color confinement and dual superconductivity: an update, hep-lat/0204032;

J.M. Carmona, M. D’Elia, L. Del Debbio, A. Di Giacomo, B. Lucini, G. Paffuti and C. Pica, Color confinement and dual superconductivity in unquenched QCD, Nucl. Phys. A 715 (2003) 883 [hep-lat/0209080]; Deconfining transition in full QCD, hep-lat/0209082.

[4] A.M. Polyakov, Quark confinement and topology of gauge theories, Nucl. Phys. B 120 (1977) 429.

[5] A.M. Polyakov, Gauge fields and strings, Harwood Academic Publishers 1987. [6] A.M. Polyakov, Confining strings, Nucl. Phys. B 486 (1997) 23 [hep-th/9607049]. [7] M.C. Diamantini, F. Quevedo and C.A. Trugenberger, Confining strings with topological term, Phys. Lett. B 396 (1997) 115 [hep-th/9612103].

[8] Y. Nambu, Strings, monopoles and gauge fields, Phys. Rev. D 10 (1974) 4262;

F. Lund and T. Regge, Unified approach to strings and vortices with soliton solutions, Phys. Rev. D 14 (1976) 1524.

[9] P. Orland, Disorder, frustration and semiclassical calculations in lattice gauge theories, Imperial/TP/83-84/49; Frustrating lattice QCD, Phys. Lett. B 122 (1983) 78.

[10] M.C. Diamantini and C.A. Trugenberger, QCD-like behaviour of high-temperature confining strings, Phys. Rev. Lett. 88 (2002) 251601 [hep-th/0202178]; Confining strings at high temperature, J. High Energy Phys. 04 (2002) 032 [hep-th/0203053].

[11] U. Ellwanger and N. Wschebor, Confinement with Kalb-Ramond fields, J. High Energy Phys.

10 (2001) 023 [hep-th/0107196]; Solvable confining gauge theories at large-N, Phys. Lett. B 517 (2001) 462 [hep-th/0107093].

[12] I.I. Kogan, A. Kovner and M. Schvellinger, Hagedorn transition, vortices and D0 branes:

lessons from 2+1 confining strings, J. High Energy Phys. 07 (2001) 019 [hep-th/0103235]. [13] M.K. Prasad and C.M. Sommerfield, An exact classical solution for the’t Hooft monopole and the Julia-Zee dyon, Phys. Rev. Lett. 35 (1975) 760;

E.B. Bogomol’ny, Stability of classical solutions, Yad. Fiz. 24 (1976) 861. [14] N.O. Agasian and D. Antonov, Confining strings and RG flow in the (2+1)-dimensional Georgi-Glashow model and its SU(3)-generalization, J. High Energy Phys. 06 (2001) 058 [hep-th/0104029].

[15] D. Antonov, Accounting for the finiteness of the Higgs-boson mass in the 3D Georgi-Glashow model, Mod. Phys. Lett. A 17 (2002) 279 [hep-th/0201013].

[16] F. Quevedo and C.A. Trugenberger, Phases of antisymmetric tensor field theories, Nucl.

Phys. B 501 (1997) 143 [hep-th/9604196].

[17] S.R. Wadia and S.R. Das, Topology of quantum gauge fields and duality, 1. Yang-Mills Higgs system in (2+1)-dimensions, Phys. Lett. B 106 (1981) 386;

N.J. Snyderman, The physics of dual vortices and static baryons in (2+1)-dimensions, Nucl. Phys. B 218 (1983) 381.

[18] R. Gilmore, Lie groups, Lie algebras, and some of their applications, J. Wiley & Sons 1974. [19] P. Orland, Extrinsic curvature dependence of Nielsen-Olesen strings, Nucl. Phys. B 428 (1994) 221 [hep-th/9404140];

D.V. Antonov, D. Ebert, and Yu.A. Simonov, Curvature expansion for the background-induced gluodynamics string, Mod. Phys. Lett. A 11 (1996) 1905 [hep-th/9605086].

[20] A.I. Shoshi, F.D. Steffen, H.G. Dosch and H.J. Pirner, Confining QCD strings, Casimir scaling, and a euclidean approach to high-energy scattering, hep-ph/0211287.

– 11 –